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Abstract
Ballast water is an important factor for the stability and proper propul-
sion of ships. Ships fill their tanks with water at the port of departure and
eject it at the port of destination. The introduction of new microorganisms in
the marine ecosystem of the port of destination constitutes a major ecological
problem. One of the methods used for the disinfection of ballast water is the
electrolysis of seawater for the production of chlorine by anodic oxidation
of chlorides. The aim of the present study is the modeling of an electro-
chemical reactor used for the production of chlorine, by using the COMSOL
Multiphysics software. The reactor consists of two feeder electrodes (anode
and cathode) and a sequence of bipolar electrodes in a parallel configuration.
The feed of seawater is considered to be continuous and the problem is solved
under stationary conditions. On every bipolar electrode, three reactions are
taking place, the production of chlorine, the production of oxygen and the
production of hydrogen. More specifically:
• The oxidation of chloride ions to chlorine occurs at the anode.
• Chlorine is hydrolyzed to hypochlorous oxide in the aqueous solution.
• Hypochlorous oxide is dissociated to hypochlorous anions and protons.
• The electrolysis of water to oxygen occurs at the anode.
• The reduction of water to hydrogen occurs at the cathode.
The computational study is based on the solution of a current distribution
problem with boundary conditions the electrochemical kinetics on the feeders
and the bipolar electrodes. The geometric characteristics of the reactor and
the operational conditions are considered as parameters.
iii

Περιληψη
Το έρμα των piλοίων (Ballast Water), στην ναυσιpiλοΐα, αpiοτελεί σημαντι-
κό piαράγοντα ευστάθειας και σωστής piρόωσης των piλοίων. Τα piλοία γεμίζουν
τις δεξαμενές τους με νερό αpiό το λιμάνι αναχώρησης (ή/και κατά την διάρ-
κεια του ταξιδιού τους) και το αpiορρίpiτουν στο λιμάνι piροορισμού. Η εισαγωγή
των θαλάσσιων μικροοργανισμών piου piεριέχονται στο έρμα και αpiορρίpiτονται
σε νέο θαλάσσιο οικοσύστημα αpiοτελεί ένα σημαντικό οικολογικό piρόβλημα.
Μια αpiό τις εν piλω μεθόδους εpiεξεργασίας του έρματος είναι η piαραγωγή
χλωρίου με ηλεκτρόλυση για την αpiολύμανση του.
Σκοpiός της εργασίας είναι η μοντελοpiοίηση ηλεκτροχημικού αντιδρα-
στήρα για την εν piλω αpiολύμανση του έρματος μέσω του εμpiορικού λογισμικού
COMSOL. Ο αντιδραστήρας αpiοτελείται αpiό ηλεκτρόδια τροφοδοσίας και αpiό
μία συστοιχία διpiολικών ηλεκτροδίων σε piαράλληλη διάταξη. Η piαροχή του
έρματος στον αντιδραστήρα θεωρείται συνεχής ενώ οι συνθήκες εντός αυτού
μόνιμες. Σε κάθε διpiολικό ηλεκτρόδιο λαμβάνουν χώρα τρεις κύριες ηλεκτρο-
χημικές αντιδράσεις, η piαραγωγή αέριου χλωρίου (Cl2), η piαραγωγή αέριου
οξυγόνου (O2) και η piαραγωγή αέριου υδρογόνου (H2). Ειδικότερα:
• Στην άνοδο λαμβάνεται υpiόψη η αντίδραση οξείδωσης των ιόντων χλωρίου piρος
μοριακό χλώριο, σύμφωνα με τον τον μηχανισμό Volmer-Tafel.
• Το στοιχειακό χλώριο υδρολύεται piρος υpiοχλωριώδες οξύ στο υδατικό διάλυμα.
• Το υpiοχλωριώδες οξύ διίσταται σε υpiοχλωριώδη ιόντα και piρωτόνια.
• Στην άνοδο piραγματοpiοιείται εpiίσης η ηλεκτρόλυση του νερού piρος οξυγόνο.
• Στην κάθοδο λαμβάνεται υpiόψη η αναγωγή του νερού piρος υδρογόνο.
Η υpiολογιστική μελέτη βασίζεται στην λύση ενός piροβλήματος κατανο-
μής του ρεύματος, με συνοριακές συνθήκες, τόσο στα ηλεκτρόδια τροφοδοσίας
όσο και στα διpiολικά ηλεκτρόδια, τις κατάλληλες ηλεκτροκινητικές εξισώσεις
piου piεριγράφουν τις ηλεκτροχημικές αντιδράσεις σε αυτά. Ως piαράμετροι του
piροβλήματος θεωρούνται οι συνθήκες λειτουργίας και η γεωμετρία του αντι-
δραστήρα.
v
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Chapter 1
Introduction
1.1 Generalities
Along with domestic and international freight, ships carry ballast water
as well. This is necessary to ensure ship’s stability and balance as well as
maintain stress loads within acceptable limits. Ships without cargo fill their
tanks with ballast water, whereas in the presence of cargo ballast water is
discharged.
Ballast water may be saltwater, freshwater or brackish water which may
carry sediments and a wide variety of organisms. The sediments taken aboard
along with ballast water contain organisms even when ballast water is ex-
changed at sea. Most of these organisms, including bacteria, phytoplankton,
zoo-plankton, macro-algae, plants, fishes e.t.c., do not survive the journey
or the new environmental conditions where they are discharged. However,
some species survive in the host environment under favorable circumstances.
Once established, organisms permanently alter ecosystems. At this point,
the environmental influence of these species often results in unpredictable
ecological, economic and social impacts.
Globally, the transfer of ballast water is estimated to be 10 billion met-
ric tons annually. The International Marine Organization (IMO), which regu-
lates the international shipping industry, adopted guidelines for ballast water
management in 1997, in an attempt to prevent the introduction of harmful
aquatic organisms and pathogens by requiring ballast water exchange (IMO
1997). Later, The International Convention for the Control and Management
of Ships Ballast Water & Sediments (BWM Convention) was also adopted
in 2004. As a result, 30 countries, representing 35% of the world’s shipping
tonnage, must ratify the convention1.
1Lacasa et al. 2013
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In response to the above, a number of technologies have been devel-
oped and commercialized by different vendors (e.g. ERMA FIRST ESK
Engineering Solutions S.A). Many have their basis in land-based applica-
tions for municipal, industrial water and of fluent treatment and have been
adapted to meet the requirements of the BWM Convention and shipboard
operation. The methodology recommended by the IMO guidelines for ballast
water treatment involves its exchange to reduce the risk of transfer of harm-
ful aquatic organisms. Nevertheless, this method has ship-safety limitations
because it is not completely effective in removing organisms from ballast wa-
ter. Thus, effective ballast water management and/or treatment methods
should be developed in order to replace the ballast water exchange at sea. So
far, several technologies have been suggested for ballast water treatment, in-
cluding filtration, irradiation with ultraviolet light , sterilization with ozone,
addition of biocides to ballast water to kill organisms, sonication and disin-
fection with chlorine species (or hydrogen peroxide). In this thesis, focus will
be laid to disinfection with chlorine which is electrochemically produced by
electrolysis.
The electrochemical production of chlorine, by electrolysis of brine, is
one of the major processes in the chemical industry and one of the earli-
est commercial exploitations of an electrochemical reaction on a large scale.
Electrochemical disinfection can be defined as the eradication of microorgan-
isms using an electric current passed through the water by means of suitable
electrodes. The advantages of electrochemical water disinfection in compar-
ison to other chemical methods include:
i simplicity of the equipment,
ii easy automation of the process,
iii the fact that additional chemicals are not required since the disinfectant
dose can be easily controlled varying the current density applied and
iv the relatively low current requirement that may allow the use of green
energy sources such as solar cells or fuel cells.
In the case of saline water treatment, electrochemical disinfection takes ad-
vantage of the electrolytic production of chlorine species such as hypochlorite
and hypochlorous acid (i.e., electrochlorination)
A typical reactor, in small-scale, implementing electrolysis for chlorine
production can be seen in Figure 1.1. The reactor contains a configuration
of feeder and bipolar electrodes. Feeder electrodes are located on the two
edges of the reactor, a pair of feeder electrodes on the left and a triplet
2
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Figure 1.1: Small-scale electrochemical reactor implementing electrolysis for chlorine
production.
feeder electrodes on the right, as it can be seen in Figure 1.1. Also, feeder
electrodes, on each edge, can be either anodes or cathodes with known po-
tential depending on the applied voltage (considering a grounded cathode).
The remaining electrodes are bipolar. The reactor in Figure 1.1 contains two
consecutive groups of five bipolar electrodes. The bipolar electrode, as the
name denotes, acts as both an anode and cathode. Therefore, during opera-
tion, bipolar electrodes are reversibly polarized as can be seen in Figure 1.2.
Figure 1.2: Polarization of bipolar electrodes during reactor operation.
The aim of the present study is the modeling of the above electro-
chemical reactor used for the production of chlorine, by implementing the
COMSOL Multiphysics software.
1.2 Electrode Materials
Historically, carbon and magnetite anodes were the materials initially
used for production of chlorine but their lifetimes and anode overvoltage char-
acteristics are less than favorable; considerable consumption of the C anode
material occurs through oxidation to CO and CO2, and erosion. However,
since 1900, graphite has been extensively used prior to the advent of metal
anodes in the late 1960s. Modern metal anode technology started with the
development of Pt-coated Tungsten anodes by Stevens in 1913.
3
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Nevertheless, a technological breakthrough in the history of electrolytic
chlorine production is the presence of Dimensional Stable Anodes (DSA),
which were invented by H.B. Beer in 1965 and were then developed and
industrialized by De Nora as a result of their investigation on metallic oxide
coatings, as anode catalysts, for chlorine and oxygen evolution reactions.
The commercially available DSA consists of RuO2 as active component,
inert oxide (e.g. TiO2) as stabilizer and coated (with a relatively thick layer)
onto titanium substrate (inert support). Generally, each component plays
a well defined role: electrocatalyst, stability promoter, selectivity enhancer,
etc. The action of each component depends on its crystalline and electronic
structure, and on the degree of intermixing with the other components. The
benefit of using a conductive titanium substrate is that a fixed inter-electrode
gap can be maintained during the long-term operation of the electrolytic cell.
Moreover, titanium is adequately durable to general acidic corrosion. Fur-
thermore, RuO2 exhibits excellent corrosion resistance and low overpotential
for anodic chlorine evolution reaction. In order to prepare this kind of elec-
trode coatings, a thermal decomposition method of suitable precursors, is
generally used.
It is well understood that the selection of a proper anodic material is a
key point in a electrolytic process. More specifically, the nature of the elec-
trode material affects both Cl2 yield and purity, since the chlorine evolution
reaction, ClER, is influenced by the presence of O2 from the oxygen evolution
reaction, OER. To achieve high Cl2 current efficiency, it is necessary to work
at low pH values of the electrolyte and with electrode materials that show, in
principle, significant overpotentials for the OER. Thus, electrode selectivity
for the ClER remains a problem of technological interest, although a broad
fundamental and applied research of ClER is available.
Overall, DSA-type electrodes have been well succeeded for almost 40
years, mainly due to their versatile electrocatalytic properties and stability.
These electrodes have shown significant activity for all common gas evolu-
tion reactions (O2 and Cl2), long life, good Cl2 overvoltage-current-density
characteristics and present good efficiencies in the production of hypochlo-
rite, which is critical for several uses of electrochemical technologies in many
environmental applications.
1.3 Chlorine Evolution Reaction
From the point of view of fundamental electrochemistry, the anodic Cl2
evolution reaction has many interesting features:
(a) stoichiometrically speaking, it is one of the simplest gas evolution reac-
4
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tions similar to H2 cathodic production, requiring the discharge of two
Cl- ions leading to the formation of a diatomic molecule after a chemical
or electrochemical ”recombination” type of reaction,
(b) it proceeds with Coulombic yields near 96% except in dilute Cl- solutions
where some O2 and chlorine oxides may be evolved,
(c) it is an anodic reaction with otherwise similar mechanistic features to
those of the cathodic H2 evolution reaction for which much fundamental
kinetic and electro catalytic information exists,
(d) like the H2 evolution reaction, its kinetics are sensitive to the electrocat-
alytic and adsorptive properties of the anode electrode material, both for
the reactant ion Cl- and the intermediate Cl• and
(e) because it is an anode reaction, it normally proceeds in aqueous solu-
tion at electrode surfaces that are, in some way, covered or partially
covered with an electrolytically generated oxide film or, in certain cases,
a specially formed (e.g., thermally) oxide film as with proprietary DSA
electrodes.
Generally, the thermodynamics of the chlorine-chloride reaction at equi-
librium:
Cl2 + 2e
 2Cl−
(1.1)
are well established. The recommended standard reversible potential is
1.35828 V versus EH (Stockholm convention), corresponding to a Nernst
equation
ECl2 = E
◦
Cl2
− RT
F
ln
[αCl−
f
1/2
Cl2
]
(1.2)
where αCl− is the activity of Cl
- ions and f
1/2
Cl2
the fugacity of Cl2 gas.
Reaction 1.1 is relatively reversible and can be established as a practical
reversible electrode at platinized Pt electrodes or platinized-iridized surfaces
in a way similar to that employed for H2-H
+ reversible electrodes. Reac-
tion 1.1 has exchange current densities at catalytic noble metals of 10−3-
10−4 A/cm2 (101-100 A/m2)1.
1Payer and Neumann 1976
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In comparison with the knowledge of the kinetics and pathways of the
mechanistically analogous H2 evolution reaction, less is known about for the
anodic Cl2 evolution reaction. Similarly, much less is known about the role
of adsorption of the reactant Cl- ion and the discharged intermediate Cl• in
the mechanism of this reaction at various electrodes.
The recent development of the so-called dimensionally stable anodes,
presently used in the chloralkali industry, has spurred considerable activity
in understanding the kinetics of chlorine evolution and in developing other
”nonmetallic surfaces” for various kinds of electrode reactions.
At the potentials at which Cl2 is normally evolved (> 1.36 V), most
metal anodes are covered or partially covered with a surface oxide film, Figure
1.3 (Bockris, Conway, and White 1982). In all commercially used electrodes,
the surface oxide is fully formed as a film of substantial thickness. The
anodic Cl2 evolution process will therefore take place on such a surface whose
adsorptive and catalytic properties will be substantially different from those
of the corresponding free metal electrode surfaces.
In addition to the formation of surface oxide films with adsorbed Cl-
ion, an anodic corrosion partial process of metal or metal oxide dissolution
may sometimes take place giving rise to a continuously changing state of the
metal surface. Thus with metallic Pt or Ru surfaces, appreciable dissolution
of the metals as complex chlorides can occur at high current densities in
strong Cl- solutions.
In anodic Cl2 evolution, the reactant ion, Cl
- is not simply the initial
reactant in the overall process but it also modifies the state of the anode
surface on which it is discharged. On any bare metal sites, Cl- is normally
strongly chemisorbed. This leads to strong inhibition of the formation of
monolayer surface oxides, especially at Pt or Rh, that would normally be
complete at potentials less than those required for Cl2 evolution. So, de-
pending on the concentration of Cl- and the potential, e.g., at Pt, the extent
of surface oxide film formation in the presence of Cl- can be much less than a
monolayer. Therefore, Cl- adsorption changes the properties of the electrode
surface on which the reaction of conversion of Cl- to chlorine occurs.
In addition, Cl- adsorption will tend to increase with increasing positive
potentials of the electrode and thus maintain competitive adsorption with
respect to electrodeposition of monolayer or multilayer surface oxide, into
the potential range where appreciable rates of Cl2 evolutions arise. The
normal increase of extent of surface oxidation with positive potential is thus
diminished.
Finally, at high current densities in commercial Cl2 evolution at 95
◦C
from brine, the current efficiency is usually better than 98%, even though
there are possibilities for the anodic generation of CIO and CIO2 gases in
6
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Figure 1.3: Model for surface oxidation of Pt: transition from OH monolayer, through
rearranged OH/Pt state, to O/Pt-PtO structure.
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addition to Cl2 and O2, giving rise to hazardous conditions.
1.4 Oxygen Evolution Reaction
The overall four-electron reductions of O2 in acid and alkaline aqueous
solutions are, respectively,
O2 + 4H
+ + 4e− 
2H2O (E◦NHE)298 = 1.229V
O2 + 2H2O + 4e
− 
4OH− (E◦NHE)298 = 0.401V (1.3)
where the standard reduction potentials have been calculated relative to the
standard hydrogen electrode (SHE, NHE, or RHE) from the standard free
energy of formation of water and OH- ions. Moreover, the Nernst equation
in acidic solution for O2 evolution is:
EO2 = E
◦
O2
+
RT
4F
ln
[
α4H+ · fO2
]
(1.4)
where αH+ is the activity of H
+ ions and fO2 the fugacity of O2 gas.
Thermodynamically, in aqueous solution, O2 (standard reversible po-
tential 1.229 V) should be evolved before Cl2. However, the exchange current
densities for Cl2 evolution on noble metals and carbon are usually substan-
tially greater than those of O2 evolution, so Cl2 is normally the preferred
anodic product in the electrolysis of aqueous Cl- solutions. Since oxygen
evolution, and in most instances also O2 electroreduction, occur on electrode
surfaces covered with an adsorbed oxygen species or an oxide layer, the prop-
erties of such layers control the mechanisms and electrocatalytic activity of
the electrode for these processes.
Moreover, as discussed previously, Cl- adsorption has a major effect on
the development of the surface oxide film which is anodically formed at noble
metals and changes the critical state of this film which is usually required for
the onset of significant rates of O2 evolution. Thus Cl2 evolution normally
becomes even more favored over O2 evolution since there is a coupling be-
tween the Cl2 reaction, through Cl
- ion adsorption effects on the oxide film,
and the oxygen evolution reaction on the same surface. Therefore, coulombic
efficiency cannot be calculated simply from the sum of Cl2 and O2 currents
based on independently determined Tafel parameters for these reactions. Ad-
ditionally, O2 can also be formed by parallel reactions (anodic oxidation of
OCl- to ClO3) from Cl
- solutions.
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The studies on the mechanism of the reaction of oxygen evolution on
most simple oxide electrodes like RuO, have shown that the Tafel slope is
commonly around 40 mVs−1, which indicates that the rate determining step
is the transfer of the second electron. 1
In dilute solutions, Cl2 evolution is less favored; firstly, because its
exchange current is diminished for low Cl2 concentrations, determined by the
transfer coefficient of the reaction and secondly, because at sufficiently high
current densities, the reaction will become diffusion-controlled, O2 evolution
from water discharge will eventually become the predominant reaction and
the current efficiency for Cl2 evolution will be 100%. A further factor
favoring Cl2 over O2 evolution is the lower Tafel slope for the former reaction
thus giving preferential evolution of Cl2 over O2 at high potentials.
If low Cl- concentrations are to be used, e.g., in reaction-order mea-
surements over a wide range of concentrations, then experiments should be
conducted at a rotating-disk electrode where diffusion problems can be min-
imized, if not eliminated. If the diffusion-limited current for Cl- oxidation is
exceeded, coevolution of O2 will, occur at higher potentials with a diminution
of current efficiency for Cl2 formation.
1.5 Bipolar Electrodes
Bipolar electrode behavior of conducting bodies is a phenomenon widely
exploited in industrial applications. Examples can be found in such fields as
organic electrosynthesis, elaboration of micro-conductive paths, supported
catalyst metal particle technology but also electrolysis for chlorine produc-
tion.
Beyond a critical extent of polarization of such an electrode, i.e. in a
sufficiently strong lateral electric field, the overpotentials become sufficiently
high to induce noticeable electrolysis: the spatial variation of the electrode /
solution potential provokes oxidation on one side of the electrodes, coupled
with reduction at the other. More specifically, high overpotential values, ei-
ther positive or negative give rise to strong bipolar, either anodic (production
of chlorine and oxygen) or cathodic (production of hydrogen), currents. On
the other hand, low difference between bipolar electrode and solution poten-
tials along its surface (on the axis of the lateral electrical field), leads to low
overpotentials which give rise to low currents on the bipolar electrode.
Therefore, for sufficiently strong fields, the bipolar electrodes inside the
reactor produce chlorine and oxygen anodically at the electrode side facing
the low electric field and hydrogen cathodically at the electrode side facing
1Jin and Ye 1996
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the high electric field, thus giving rise to a flow of electrons through the
bipolar electrode body. The effective bipolar faradaic current is derived from
the spatial integral of either the local cathodic or the local anodic current
density, the anodic and cathodic current integrals being necessarily identical.
10
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Reactions Kinetics
2.1 Kinetics of Chlorine Evolution Reaction
In comparison with the extent of published work on the Hydrogen (H2)
Evolution Reaction since 1904 by Tafel, relatively little work exists on the
mechanisms of the Chlorine (Cl2) Evolution Reaction. Also, the interpre-
tation of experimental kinetic data is more complex than that for the H2
evolution reaction because of the following:
• the presence of oxide films,
• their changing catalytic properties with potential and time,
• adsorption of Cl- and their possible incorporation in growing oxide films
and
• some dissolution of the oxide film and/or substrate metal.
Nevertheless, the steps in anodic chlorine (Cl2) evolution are analogous
to those in cathodic hydrogen (H2) evolution, except that the ion discharge
step(s) are anodic rather than cathodic. The following are obvious steps
and mechanisms, at metal surface or surface oxide sites M, that have been
considered by various workers1,
Cl− + M
k1

k−1
M · Cl•ads + e− Volmer (2.1)
2M · Cl•ads k2→ 2M + Cl2 ↑ Tafel (2.2)
1Bockris, Conway, and White 1982
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or
M · Cl•ads + Cl− → M + Cl2 ↑ +e− Heyrovsky (2.3)
The first two steps (2.1 and 2.2) consist the Volmer-Tafel mechanism.
On the other hand, the pathway consisting of steps 2.1 and 2.3 is the Volmer-
Heyrovsky mechanism. It is worth mentioning that step 2.3 can proceed
faster than 2.2.
A third type of mechanism was considered by Krishtalik, based on the
possibility of formation of the chloronium ion Cl+.
Cl− + M→ M · Cl•ads (2.4)
M · Cl•ads → M · Cl+ads + e− or M + Cl+ + e− (2.5)
M · Cl+ads or Cl+ + Cl− → Cl2 ↑ (2.6)
For each mechanism, if the rate determining step is known, a Butler-
Volmer equation can be derived. Bockris 1955 describes the development of a
Butler–Volmer equation for a multi-step reaction. Taking into consideration
the Volmer-Tafel mechanism and assuming that the rds is the chemical step
(Tafel step 2.2) a description of the derived Butler-Volmer equation is the
following.
In a multi-step electron-transfer reaction, the step with the lowest ser-
vicing rate produces the largest queue and, indeed, the total queue is virtually
a simple multiple of the queue at the rds. So, in the steady state, all n steps
proceed at the rate of the rate-determining step ir and the total net current
is:
i = nir = n(
→
ir −
←
ir) (2.7)
where n is the number of single-electron transfer steps in the overall reac-
tion. In the Volmer-Tafel mechanism the first step is electrochemical, which
consists of two single electron transfer steps and the second step is chemical
(not electron exchange). So, in the overall reaction n = 2.
In order to develop the Butler–Volmer equation for a multi-step reac-
tion, expressions for
→
ir and
←
ir must be found. Thus, the total net current
is:
i = ir =
→
ir −
←
ir= Fk2[M · Cl•ads]2 − Fk−2CCl2
(2.8)
Since, the Volmer step (step 2.1) precedes the rds step, it can be considered
in steady state:
12
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iV =
→
iV −
←
iV = 2Fk1C
2
Cl−e
2(1−aa) FRT E − 2Fk−1[M · Cl•ads]2e−2ac FRT E = 0
(2.9)
hence [M · Cl•ads] can be calculated:
[M · Cl•ads]2 =
k1
k−1
C2Cl−e
2 F
RT
E (2.10)
Thus, [M · Cl•ads] can be substituted to the total net current (Equation 2.8):
i = Fk2
k1
k−1
CCl−
2e2
F
RT
E − Fk−2CCl2
(2.11)
Equation 2.11 can be further manipulated, in order to derive a Butler-Volmer
equation. Assuming that the cell potential is equal to the equilibrium poten-
tial (E = Eeq), the total net current becomes zero (i = 0) and concentrations
take the equilibrium concentration values (c = c∗).
if E = Eeq then i = i0a − i0c = 0 (Equation 2.11)
So, i = i0a = i0c and i0c can be defined as:
i0a = Fk2
k1
k−1
(C∗Cl−)
2e2
F
RT
E
i0c = Fk−2C
∗
Cl2
(2.12)
Hence, the exchange current density i0 can be calculated:
i0 = i0a = i0c (2.13)
Now, Equation 2.11 can take the known form of Butler-Volmer:
i = i0
((CCl−
C∗Cl−
)2
e2
F
RT
(E−Eeq) − CCl2
C∗Cl2
)
(2.14)
Equation 2.11 can be even further manipulated. Assuming that the
cell potential is equal to the standard potential (E = E◦), the total net
13
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current becomes zero (i = 0) and concentrations are equal to unity. Thus,
an alternative form of the total net current is:
i = Fk2
k1
k−1
e2
F
RT
E◦(CCl−)
2e2
F
RT
(E−E◦) − Fk−2CCl2
(2.15)
also, an extra equation, relating the reaction constants, is arising:
k2
k1
k−1
e2
F
RT
E◦ = k−2
(2.16)
2.2 Kinetics of Oxygen Evolution Reaction
The oxygen electrode has been the subject of extensive investigations
over the past century. The irreversibility of the cathodic and anodic reac-
tions in aqueous solutions has imposed severe limitations on the information
which can be obtained concerning the pathways from electrochemical kinetic
studies. In most instances at current densities practical for kinetic studies,
the current-voltage data are not sensitive to the back-reaction and hence
yield information only up to the rate-controlling step, which usually occurs
early in the multiple-step reaction sequence. Further the reduction and oxi-
dation processes are usually studied only at widely separated potentials and
thus the surface conditions differ sufficiently such that the reduction and ox-
idation pathways are probably not complementary. The situation is made
all the more complicated by the large number of possible pathways for the
oxygen electrode reactions (Conway et al. 1983).
Treatment of consecutive electrochemical reactions differs from that of
ordinary consecutive reactions in two ways. Firstly, if it is assumed that
the current density and time used are such that no pH change occurs in the
vicinity of the electrode, the concentration of reactants in the initial state of
the reaction (e.g. OH- ions) remains constant throughout the reaction. Sec-
ondly, the rate constants of reactions involving charged components depend
on potential. Thus ki, the electrochemical rate constant of the forward step
of the ith (anodic) reaction in a series, is equal to
kie
aaEF/RT (2.17)
where ki is the rate constant for this electrochemical step when the Galvani
metal-solution PD is zero, the step involves the transfer of n electrons, aa
14
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is the symmetry factor and ∆φ the Galvani potential between the electrode
and the charge center of the first layer of ions.
Bockris 1955 gives five paths for the electrolytic evolution of oxygen
at anodes and yields limiting expressions for the dependence of the current
density (or rate) of the reaction upon electrode potential which are diagnostic
of the various rate controlling steps assumed.
The Oxide Path
OH− + M
ν1

ν−1
MOH + e− (2.18)
2MOH
ν2

ν−2
MO + M + H2O (2.19)
2MO
ν3

ν−3
2M + O2 (2.20)
The Electrochemical Oxide Path
OH− + M
ν1

ν−1
MOH + e− (2.21)
MOH + OH−
ν2

ν−2
MO + H2O + e
− (2.22)
2MO
ν3

ν−3
2M + O2 (2.23)
The Hydrogen Peroxide Path
OH− + M
ν1

ν−1
MOH + e− (2.24)
2MOH
ν2

ν−2
MH2O2 + M (2.25)
MOH + MH2O2
ν3

ν−3
MHO2 + H2O (2.26)
The Electrochemical Metal Peroxide Step
OH− + M
ν1

ν−1
MOH + e− (2.27)
2MOH
ν2

ν−2
MO + H2O (2.28)
MO + OH−
ν3

ν−3
MHO2 (2.29)
2MHO2 + MOH
ν4

ν−4
MO + O2 + H2O + M (2.30)
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The Metal Peroxide Path
OH− + M
ν1

ν−1
MOH + e− (2.31)
2MOH
ν2

ν−2
MO + H2O (2.32)
MO + MOH
ν3

ν−3
MHO2 (2.33)
MHO2 + MOH
ν4

ν−4
O2 + H2O + 2M (2.34)
One can obtain the overall forward rate of each path, for a predeter-
mined rds, using the method that Bockris provides. Taking into considera-
tion the Electrochemical Oxide Path with step 2.19 as the rate determining,
the development of the overall forward rate is following. Assuming an acidic
aqueous solution, the Electrochemical Oxide Path can be written as:
a) M + H2O
k1

k−1
MOH + H+e−
b) MOH
k2

k−2
MO + H+ + e− [RDS]
c) 2MO
k3

k−3
2M + O2
(2.35)
obtaining the forward and backward rates of each step,
v1 = k1(1− xMOH)eaafE
v−1 = k−1CMOHCH+eacfE
v2 = k2CMOHe
aafE
v−2 = k−2CMOCH+eacfE
v3 = k3CMOH
2
v−3 = k−3
(2.36)
where xMOH = k
1CMOH is the fraction of the surface covered with MOH.
To obtain an expression for the forward rate of a generic consecutive
multi-step reaction, one writes
v = w1 − w−1Cx(1) (2.37)
where w1 = k1C1 and C1 is the concentration of the stable, known entity in
the initial state and Cx(1) is the concentration of the radical produced in the
first stage of the reaction. Similarly,
v = w2Cx(1) − w−2Cx(2) (2.38)
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where x(2) is the species produced by the forward direction of the second
step. Analogously,
v = wnCx(n−1) − w−nCx(n) (2.39)
where x(n − 1) and x(n) are the species produced by the forward direction
of the n-1 and n step. The above can be more understood in Appendix A.
Once the entities wi have been introduced, the forward and backward
reaction rates vi of Equation 2.36 can now be converted as:
w1 = k1e
aafE
w2 = k2e
aafE
w−2 = k−2CH+eacfE
w3 = k3CMOH
w−3 = k−3
(2.40)
The calculation of the entity w−1 is tricky, for this reason will be presented
separately. The overall rate is equal to the rate of the first step which can be
obtained by subtraction of the backward from the forward rate of the first
step:
v =v1 − v−1 = k1(1− xMOH)eaafE − k−1CMOHCH+eacfE =
=[k1e
aafE]− [k1xMOHeaafE + k−1CMOHCH+eacfE] =
=[k1e
aafE]− [k1k1CMOHeaafE + k−1CMOHCH+eacfE]
(2.41)
Thus, the entity w−1 becomes:
w−1 = k1k1eaafE + k−1CH+eacfE (2.42)
According to Christiansen 1936 equations similar in form to 2.37, 2.38
and 2.39 can be written for each of the consecutive reactions and for n simul-
taneous equations involving v and (n-1) X’s. The solution, of the forward
rate of the overall reaction, to such a series of equations is given by:
1
v
=
1
w1
+
w−1
w1w2
+
w−1w−2
w1w2w3
+ ...+
w−1w−2...wn−1
w1w2w3...wn
(2.43)
The above Equation 2.43 can also be more well understood in Appendix A.
Finally, for the Electrochemical Oxide Path, with step 2.19 as the rate
determining, assuming that k2, k−2 → 0 and k1cH+eacfEk1k1eaafE the for-
ward rate of the overall reaction (consisting by three steps) is:
v =
k1k2
k1
1
CH+
e1.5
F
RT
E (2.44)
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Hence, the overall current for the forward reaction is:
i = 2F
k1k2
k1
1
CH+
e1.5
F
RT
E (2.45)
which can take the familiar form,
i = i0
C∗H+
CH+
e1.5
F
RT
(E−Eeq) (2.46)
where i0 is the exchange current density:
i0 = 2F
k1k2
k1
1
C∗H+
e1.5
F
RT
Eeq (2.47)
Similar to the above analysis for the development of the overall cur-
rent for the forward reaction of the Electrochemical Oxide Path, the overall
current for the Oxide Path, assuming the first step 2.18 as rate determining,
is,
i = Fk1e
0.5 F
RT
E (2.48)
which can take the familiar form,
i = i0e
0.5 F
RT
(E−Eeq) (2.49)
where i0 is the exchange current density:
i0 = Fk1e
0.5 F
RT
Eeq (2.50)
2.3 Reactions in Homogeneous Phase
In water treatment, gaseous chlorine Cl2 or hypochlorite are commonly
used for chlorination processes. Numerous inorganic and organic micro-
pollutants can undergo reactions with chlorine. For most micro-pollutants,
HOCl is the major reactive chlorine species during chlorination processes.
Chlorine reactivity usually results from an initial electrophilic attack of
HOCl on inorganic and organic compounds. Oxidation, addition and elec-
trophilic substitution reactions with organic compounds are possible path-
ways. However, from a kinetic point of view, usually only electrophilic attack
is significant.
Under typical water treatment conditions in the pH range 6–9, hypochlor-
ous acid and hypochlorite are the main chlorine species. Depending on the
18
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Figure 2.1: Relative distribution of main aqueous chlorine species as a function of pH
at 25 oC and for a chloride concentration of 5 · 10−3 M.
temperature and pH level, different distributions of aqueous chlorine species
are observed. Figure 2.1 shows the distribution of Cl2, HOCl and ClO
− as
a function of the pH at 25 ◦C and for a chloride concentration of 5·10−3 M.
For high chloride concentrations, the Cl2 hydrolysis is almost complete at
pH >4. Therefore, Cl2 can usually be neglected under typical drinking water
treatment conditions. Most of HOCl is not ionized when pH is less than 7.
If pH levels rise more than 8, most of the HOCl ionizes and more OCl- is
formed. The products of these reactions, Cl2(aq), HOCl and OCl
- , are called
“free available chlorine”.
In this thesis, it is assumed that in the aqueous solution, chlorine Cl2 is
hydrolyzed to hypochlorous oxide HOCl, hypochlorous oxide dissociates into
hypochlorous anion OCl- and protons H+ while water H2O dissociates into
protons and hydroxide OH-.
The kinetics of Cl2 hydrolysis is of importance in water chlorination
treatment and in many reactions for both organic and inorganic constituents
in water. Chlorine gas Cl2 hydrolyzes in water according to the following
reaction:
Cl2 + H2O
k1

k−1
HOCl + Cl− + H+, KCl2 = k1/k−1
(2.51)
whereKCl2 is the equilibrium constant and k1=22.3 s
−1 and k−1=4.3·104 M−2s−1
are the forward and backward rate constants respectively. These values cal-
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culated1 at I=0 M (ionic strength) and 25 ◦C.
Hypochlorous acid HOCl resulting from reaction (2.51), is a weak acid
which dissociates in aqueous solution:
HOCl
k1

k−1
ClO− + H+, KHOCl
(2.52)
with KHOCl reported in literature
2 2.9·10−8 (pKHOCl25◦C=7.54) at 25 ◦C. Val-
ues for forward and backward reaction rates do not exist in the literature.
Byrne et al. 2001 assumed a rate equal to that of water re-association. Al-
though, in section 4.6, a different approach has been applied. The forward
and backward reaction constants were chosen arbitrarily while keeping the
restriction of a constant ratio equal to the equilibrium constant. In this way,
the rate of the reaction was increased to a desired value.
For water dissociation, assuming that the applied electrical potential
field does not affect the reaction rate, the reaction is:
H2O
k1

k−1
OH− + H+
(2.53)
where k1 = 2 · 10−5 s−1 and k−1 = 1.11 · 108 m3mol−1s−1 are the forward and
backward rate constants3, respectively.
1Wang and Margerum 1994
2Morris 1966
3Hlushkou, Crooks, and Tallarek 2009
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Mathematical Formulation
This chapter addresses the mathematical modeling of electrochemical
systems from a macroscopic point of view.
In section 3.1, the governing equations for multi-ion transport in dilute
electrolyte solutions is presented. The Poisson Equation and Electroneu-
trality condition are addressed in sections 3.2 and 3.3. The fundamental
principle of charge conservation is specified in section 3.4. The flow of dilute
electrolyte solutions is assumed to be governed by the incompressible Navier-
Stokes and turbulent k- model equations, which are introduced in section
3.5. The present chapter concludes with the two mathematical models de-
scribing electrochemical systems in section 3.6.
3.1 Multi-Ion Transport in Dilute Electrolyte
Solutions
In the following, a dilute electrolytic solution is considered which con-
tains m ≥ 2 different ionic species. For each ionic species k = 1, ...,m present
in the solution, the fundamental principle of mass conservation must hold.
Mathematically this property is expressed as
d
dt
∫
V (t)
Ckdx = −
∫
∂V (t)
Ni · ndS +
∫
V (t)
Ridx (3.1)
where Ni · n the flux of ith species across the boundary ∂V (t) and Ri a source
or sink term.
The latter expression accounts for homogeneous chemical reactions
within the volume, where ionic species i is either produced or consumed.
As usual, n denotes the unit outer normal at the respective boundary part.
The ionic flux due to diffusion (movement caused by concentration gradients),
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migration (movement caused by an electric field) and convection (movement
caused by velocity) is given as
Ni = (−Di∇Ci︸ ︷︷ ︸
Diffusion
− ziµiFCiE︸ ︷︷ ︸
Migration
+ uCi︸︷︷︸
Convection
) (3.2)
In the literature, equation 3.2 is often referred as Nernst-Planck equa-
tion. Here, Di is the molecular diffusion coefficient of species i with respect
to the solute, zi is the valence (charge number), µi the mobility constant,
F Faraday’s constant (96485.34 C/mol) and E the electric field inside the
electrolyte solution.
Hence, the electric field vector is expressed in electrostatics as the neg-
ative gradient of the electrostatic potential field Φ reading,
E = −∇Φ (3.3)
As usual in dilute-solution theory, the mobility constant µi is assumed
to be related to the diffusion coefficient Di according to the Nernst-Einstein
relation
µi =
Di
RT
(3.4)
The relation involves the temperature T (specified in Kelvin (K)) and the
universal gas constant R (8.314462 JK -1 mol -1).
Application of Reynold’s transport theorem to the left-hand side of
Equation 3.1 yields
d
dt
∫
V (t)
Cidx =
∫
V (t)
∂Ci
∂t
dx +
∫
∂V (t)
Ciu · ndS (3.5)
The vector field u denotes the velocity of the electrolytic solution. Assum-
ing sufficient smoothness of the respective functions, the divergence theorem
(Gauss rule) is used to transform the boundary integrals in Equations 3.1
and 3.4 to integrals over the volume. As a result one obtains,∫
V (t)
(
∂Ci
∂t
+∇ ·Ni −Ri)dx = 0 (3.6)
Since relation 3.6 holds for every arbitrary reference volume V (t), a partial
differential equation is obtained for each ionic species k = 1, ...,m present in
the electrolytic solution, describing the temporal and spatial variation of its
molar concentration Ci :
∂Ci
∂t
+∇ ·Ni = Ri (3.7)
22
CHAPTER 3. MATHEMATICAL FORMULATION
3.2 Poisson Equation
For electrochemical systems, the electrostatic concept is commonly ac-
cepted as a sufficient modeling approach. For that case, the time-dependent
coupling terms in the Maxwell equations vanish. As a consequence, electric
and magnetic fields become decoupled, allowing a separate consideration of
electro- and magnetostatics. The governing equations for electrostatics as
obtained from Maxwell’s equations read
∇× E = 0 (3.8)
∇ ·D = ρe (3.9)
Here, D denotes the so-called electric displacement field (C/m2) and
ρe is the net electric charge density (C/m
3 ). Since there are no free elec-
trons in electrolyte solutions such as considered here, ions represent the only
charge carriers. Thus, the local charge density is computed from the ionic
concentrations Ci according to
ρe(x, t) = F
m∑
i=1
ziCi(x, t) (3.10)
The electric displacement field D and the electric field E are related via a
constitutive law, which is usually expressed in the form
D = E (3.11)
The permittivity  (F/m) in 3.11 is a second-rank tensor reflecting in-
dividual material properties. For the most simple case of a homogeneous and
isotropic medium, the permittivity is given as  = εrε0I, where ε0 is the per-
mittivity of the vacuum, εr denotes the medium-specific relative permittivity
and I is the unit tensor.
A governing equation for the electric potential field is obtained by in-
serting Equation 3.10, 3.3 and 3.11 into 3.9. This yields the so-called Poisson
equation for the electric potential:
−∇ · (ε∇Φ)− F
m∑
i=1
ziCi = 0 (3.12)
Although, assuming constant permittivity and locally electrically neutral
electrolyte solution, the Equation 3.12 becoming a Laplace Equation
∇2Φ = 0 (3.13)
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3.3 Electroneutrality condition
For macroscopic models, the system of equations is usually closed with
the so-called electroneutrality condition instead of using 3.12. This condition
is an algebraic constraint originating from the assumption that the electrolyte
solution is locally electrically neutral:
ρe = F
m∑
i=1
ziCi = 0 (3.14)
As pointed out by Newman and Thomas-Alyea 2004, the condition
of electroneutrality is not a fundamental law of nature, but represents an
“accurate approximation”, which is generally accepted for a macroscopic
description of electrochemical systems. Regions with considerable charge
separation are solely the electric double layers in the vicinity of electrode-
solution interfaces. A division of 3.14 by F transforms the electroneutrality
condition into the form
m∑
i=1
ziCi = 0 (3.15)
which is usually used as closing equation.
3.4 Charge Conservation
A fundamental physical principle is charge conservation. Any modeling
approach for electrochemical systems has to fulfill this elementary physical
concept. The corresponding conservation law given, by direct consequence
of the four Maxwell equations of electrodynamics, as
∂ρe
∂t
+∇ · i = 0 (3.16)
where ρe denotes the local net charge density in the medium and i is the
local current density.
The current density depends on the ionic mass flux densities via
i = F
m∑
i=1
ziNi (3.17)
since ions are both mass and charge carriers. The unit of the current density
expressed in SI base units is A/m2.
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For ion-transport models coupled to the electroneutrality condition
3.15, ρe ≡ 0 in 3.16. In addition, convection does not contribute to the
current density in 3.17 due to electroneutrality. Insertion of Nernst-Planck
equation 3.2 of the ionic flux due to diffusion and migration into 3.2 yields
i = F
m∑
i=1
ziNi = F
m∑
i=1
zi(−Di∇Ci − ziF
Di
RT
Ci∇Φ +*
Electroneutrality
Ciu) =
= −F
m∑
i=1
ziDi∇2Ci − F 2
m∑
i=1
z2i
Di
RT
Ci∇2Φ
(3.18)
It is important to note that the concentration dependent factor in front
of the gradient of the electric potential in 3.18 can be interpreted as a specific
ionic conductivity of the electrolyte solution given as
σ = F 2
m∑
i=1
z2i µiCi = F
2
m∑
i=1
z2i
Di
RT
Ci (3.19)
As obvious from 3.19, local variations in the molar ion concentrations Ci,
that is, variations in the electrolyte composition, will cause local variations
in the ionic conductivity σ. In general, conductivity values are specified in
the unit S/m. Thus, equation 3.18 is written,
i = −F
m∑
i=1
ziDi∇Ci − σ∇Φ (3.20)
Finally, in the absent of space charge, equation 3.16 yields,
∇ · i = 0⇔
⇔∇ · (−F
m∑
i=1
ziDi∇Ci − σ∇Φ) = 0 (3.21)
3.5 Incompressible Flow
For dilute solutions, as considered here, concentrations of ionic species
are very low compared to the solute. As a result, values for density and
viscosity are typically similar to those of the pure solvent, but may depend
on the local bath composition.
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3.5.1 Laminar Flow
The steady-state equation for the motion of an incompressible Newto-
nian fluid is described by the Navier-Stokes and the continuity equation.
ρ(u · ∇u) = ∇σ¯ + F (Navier − Stokes) (3.22)
ρ(∇u) = 0 (Continuity) (3.23)
where σ¯ is the total stress tensor of the Newtonian fluid which consists of
pressure stress and viscous stress
σ¯ = −pI + µ(∇u + (∇u)T ) (3.24)
Here u is the fluid velocity vector, ρ the fluid density, F is the body force or
volumetric force, I is the identity tensor.
The boundary conditions are described in Table 3.1.
Table 3.1: Boundary conditions in case of laminar flow using Navier-Stokes
equation.
Boundary Boundary Condition Equation
Wall No-slip u = 0
Fluid Inlet Velocity u = −u0n
Fluid Outlet Pressure p = p0
Symmetry Symmetry Condition u · n = 0
3.5.2 Turbulent Flow
Two types of turbulence energy equation models are One-Equation
Models and Two-Equation Models both retain the Boussinesq eddy-viscosity
approximation1 but differ in one important respect. Two-Equation models
provide an equation for the turbulence length scale or its equivalent and are
thus complete.
In the framework of eddy viscosity models, the steady state flow of a
turbulent incompressible fluid is governed by the RANS equations for the
velocity vector u and pressure p.
ρ(u · ∇u) = −∇p+∇ · ((µ+ µT )[∇u +∇uT ])
∇ · u = 0 (3.25)
1In 1887 Boussinesq proposed relating the turbulence stresses to the mean flow to close
the system of equations
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where viscosity µ depends only on the physical properties of the fluid, while
µT is the turbulent eddy viscosity which is supposed to emulate the effect of
unresolved velocity vector fluctuations u′.
By far, the most popular Two-Equation model is the k- model. The
standard k- model is based on the assumption that
µT = ρCµ
k2

(3.26)
where k is the turbulent kinetic energy (half the trace of the Reynolds stress
tensor),
k =
1
2
ρu′iu′i (3.27)
and  is the dissipation rate. Hence, the above PDE system (3.25) is to be
complemented by two additional convection-diffusion-reaction equations for
computation of k and .
ρ(u · ∇k) = ∇ · ((µ+ µT
σk
)∇k) + Pk − ρ
ρ(u · ∇) = ∇ · ((µ+ µT
σ
)∇) + C1 
k
Pk − C2ρ
2
k
(3.28)
where Pk
Pk = µT [∇u(∇u + (∇u)T )] (3.29)
and  are responsible for the production and dissipation of the turbulent
kinetic energy, respectively. The default values of the involved empirical
constants are
Cµ = 0.09, C1 = 1.44, C2 = 1.92, σk = 1.0, σ = 1.3 (3.30)
The boundary conditions in the case of the turbulent k- model are:
Wall Functions
u · n = 0
[(µ+ µT )(∇u + (∇u)T )− 2
3
ρkI]n = −ρuτ
δ+w
(u− (u · n)n)
∇k · n = 0,  = ρCmuk
2
κvδ+wµ
(3.31)
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Fluid Inlet
u = −u0n
k =
3
2
(u0IT )
2,  = C3/4µ
k3/2
LT
(3.32)
Fluid Outlet
[−pI + (µ+ µT )(∇u + (∇u)T )− 2
3
ρkI]n = −p0n
∇k · n = 0, ∇ · n = 0
(3.33)
Symmetry Condition
u · n = 0 (3.34)
3.6 Mathematical Models
3.6.1 Secondary Current Distribution
The Secondary Current Distribution model calculates the electrolyte
potential without taking into consideration the diffusion term:
i = −σ∇Φ (3.35)
In this case, the charge conservation equation (3.16), in the absence of
space charge, is expressed as:
∇ · i = 0⇔
⇔∇ · (−σ∇Φ) = 0 (3.36)
This model is not concentration dependent. Thus, in order to add
concentration variables into the system, Equation 3.36 can be coupled with
Equation 3.7
∂Ci
∂t
+∇ ·Ni = Ri (3.37)
where Ci is the concentration of ith species, Ri the reaction rate in the
homogeneous phase of the electrolyte of the ith species and Ni the Nernst-
Planck’s flux of the ith species (Equation 3.2):
Ni = (−Di∇Ci︸ ︷︷ ︸
Diffusion
− ziµiFCiE︸ ︷︷ ︸
Migration
+ uCi︸︷︷︸
Convection
)
(3.38)
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where the velocity u can be obtained by one of the models described in section
3.5 depending if the incompressible flow is considered laminar or turbulent.
The boundary conditions of these two coupled models, Secondary Current
Distribution and Multi-ion Transport in Dilute Electrolyte Solutions can be
seen in Tables 3.3 and 3.2.
Table 3.2: Boundary conditions in case of Secondary Current Distribution
model.
Boundary Boundary Condition Equation
Electrodes Feeder Electrodes −n · il = itotal =
Redox∑
m
iloc,m
Bipolar Electrodes −n · il = itotal =
Redox∑
m
iloc,m = −n · is
Walls Insulators −n · il = 0
Inlet & Outlet Insulators −n · il = 0
Symmetry Symm. Condition −n · il = 0, −n · is = 0
Table 3.3: Boundary conditions in case of Multi-ion Transport in Dilute
Electrolyte Solutions.
Boundary Boundary Condition Equation
Electrodes Feeder & Bipolar El. −n ·Ni =
Redox∑
m
(
viilocm
nmF
)m
Walls No flux −n ·Ni = 0
Inlet Concentration ci = c0i
Outlet Concentration Grad. −n ·Di∇ci = 0
Symmetry No flux −n ·Ni = 0
It is worth mentioning that the model presented here can be imple-
mented in COMSOL by coupling the ”Secondary Current Distribution” and
”Transport of Diluted Species” modules.
3.6.2 Tertiary Current Distribution
Tertiary Current Distribution is a complete concentration dependent
model. The electrolyte current density is expressed as equation 3.20
i = −F
m∑
i=1
ziDi∇Ci − σ∇Φ (3.39)
29
CHAPTER 3. MATHEMATICAL FORMULATION
where electroneutrality condition (equation 3.15) is taken into account,
m∑
i=1
ziCi = 0 (3.40)
Therefore, the charge conservation equation (3.16), in the absence of space
charge, is expressed as in equation 3.18:
∇ · i = 0⇔
⇔− F
m∑
i=1
ziDi∇2Ci − F 2
m∑
i=1
z2i
Di
RT
Ci∇2Φ = 0 (3.41)
Furthermore, the mass conservation equation holds:
∂Ci
∂t
+∇ ·Ni = Ri (3.42)
where Ni
Ni = (−Di∇Ci︸ ︷︷ ︸
Diffusion
− ziµiFCiE︸ ︷︷ ︸
Migration
+ uCi︸︷︷︸
Convection
)
(3.43)
where the velocity u can be obtained by one of the models described in section
3.5 depending if the incompressible flow is considered laminar or turbulent.
Finally, the boundary conditions are the same as in Tables 3.3 and3.2.
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Computational Approach
This chapter presents a summary of the examined cases concerning the
modeling of the electrochemical reactor, carried out by using the COMSOL
Multiphysics software.
In sections 4.1, 4.2 and 4.3 different reactor geometries, by changing
electrodes configuration, will be examined under the same operating condi-
tions using a laminar flow (inlet velocity 0.05 m/s) .
In section 4.4 a comparison between the two mathematical models (Sec-
ondary and Tertiary described in Chapter 3) will be made under the same
operating conditions in the reactor of geometry I using a laminar flow (inlet
velocity 0.05 m/s).
In section 4.5, the effect of changing the value of the inlet velocity from
0.05 m/s (laminar flow) to 1.5 m/s (turbulent flow) will be presented. The
two models will be compared under same operating conditions in the reactor
of geometry I.
In section 4.6, the effect of the reactions in the homogeneous phase
(electrolyte) will be presented using turbulent flow (inlet velocity 1.5 m/s)
in the reactor of geometry I.
Finally, in section 4.7, the modeling of a complete reactor with 5 bipo-
lars will be examined. Also, different electrode reaction rates of O2 produc-
tion will be presented.
On the one hand, when Tertiary Current Distribution mathematical
model is used, COMSOL’s ”Tertiary Current Density, Nernst-Planck” mod-
ule is implemented. This module includes both potential and concentration
variables. On the other hand when Secondary Current Distribution math-
ematical model is used, COMSOL’s ”Secondary Current Density” module,
which calculates the potential variable (both electrolyte and bipolar elec-
trode), has to be coupled with COMSOL’s ”Transport of Diluted Species”
module in order to add the calculation of concentration variables. In the
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second case, the coupling of the two modules achieved due to the presence
of the electrolyte potential variable in both modules.
In the two aforementioned cases the calculation of the velocity variable
comes separately from the calculation of potentials (bipolar electrode’s and
electrolyte’s) and concentration variables.
In the case where a Secondary Current Distribution model is used, then
three modules have been applied in COMSOL:
a. Single-Phase Flow
• Laminar Flow or
• Turbulent Flow,k-
b. Transport of Diluted Species
c. Secondary Current Distribution
where the Single Phase flow is solved independently while the Secondary
Current Distribution is coupled with Transport of Diluted Species
In the case where a Tertiary model is used then two modules have been
applied:
a. Single Phase Flow
• Laminar Flow or
• Turbulent Flow,k-
b. Tertiary Current Distribution, Nernst-Planck
In all cases, the Secondary Current Distribution mathematical model
(as described in section 3.6.1) will be used except of the case (in section 4.4)
where both Tertiary and Secondary Current Density models are compared.
In all examined cases, water (electrolytic solution) enters the reactor at
temperature 298.15 K and pH 7.5. The inlet concentration of chlorides Cl-
is 1660 mg/L. The concentration of Sodium Na+ at the inlet is calculated
in such way to enforce electroneutrality condition. The diffusion coefficients
for Cl-, Na+, H+ and OH- are taken from Nguyen 2008, diffusion coefficient
for Cl2 from Vasconcelos and Boulos 1996 and diffusion coefficient for OCl
-
and HOCl from Byrne 2001. Although, HOCl and OCl- species are included
only in the case of 4.6.
The inlet concentrations and diffusion coefficients for Cl-, Na+, H+,
OH-, Cl2, HOCl and OCl
- can be seen in Table 4.1.
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Table 4.1: Inlet concentrations and diffusion coefficients for Cl-, Na+, H+,
OH-, Cl2, HOCl and OCl
-.
Species Concentration (mol/m3) Diffusion Coefficient (m2/s)
Cl- 46.8 2.03·10−9
Na+ 46.8003 1.33·10−9
H+ 3.16228·10−5 9.31·10−9
OH- 3.16228·10−4 5.28·10−9
Cl2 0 1.25·10−9
HOCl 0 1.11·10−9
OCl- 0 1.07·10−9
Furthermore, in all cases the electrode reactions producing Cl2 and O2
are of the form of Equations 2.15 and 2.49
i = Fk2
k1
k−1
e2
F
RT
E◦(CCl−)
2e2
F
RT
(E−E◦) − Fk−2CCl2
i = i0e
0.5 F
RT
(E−Eeq)
Although, in the case of section 4.7 another O2 evolution reaction is examined
which has the form of Equation 2.46
i = i0
C∗H+
CH+
e1.5
F
RT
(E−Eeq)
Also, for all the examined cases, the H2 evolution reaction is:
i = −i0e0.5 FRT (E−Eeq) (4.1)
Reaction 4.1 results from Volmer-Heyrovsky pathway with the Volmer step
as rate determining while taking into account only the cathodic term. The
kinetic parameters of the above reactions can be seen in Table 4.2.
When Secondary C.D. model is used, the electrolyte conductivity is
constant 0.59053 S/m calculated from equation 3.19 using the inlet concen-
trations of species.
In case of laminar flow, the COMSOL’s ”Laminar Flow” module is used
and it is assumed inlet velocity of 0.05 m/s, also zero pressure is assumed
at the outlet. On the contrary, when the inlet velocity is 1.5 m/s (turbulent
flow) then COMSOL’s ”Turbulent Flow,k-” module is used. In this case,
boundary conditions at the inlet it is assumed 0.05 turbulent intensity1 and
1http://www.comsol.com/model/download/184799/models.cfd.water_
purification_reactor.pdf
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Table 4.2: Kinetic parameters for electrode reactions of Cl2, O2and H2 pro-
duction.
Kinetic Parameters Values
i0Cl2 1 A/m
2
i0O2 2· 10−6 A/m2
i0H2 1· 10−3 A/m2
EeqH2 -0.44316 V
EeqO2 0.75330 V
E◦Cl2 1.36 V
0.9366 mm turbulence length scale.1 Also, zero pressure is assumed at the
outlet.
In most of the cases finding appropriate initial values for the system
to converge was a difficult task. Therefore, downgrading the problem to a
simpler problem, e.g simpler electrode reactions or slower reaction kinetics in
homogeneous phase, has been proved a very convenient method. In addition,
implementing a transient solver for a couple of either seconds or minutes gave
good convergence (not always) but it was a very time consuming method.
In some cases the presence of negative concentrations changed signifi-
cantly the expected results. In order to overcome that obstacle, a segregated
solver instead of a fully coupled solver has been preferred.
The mesh used in the examined cases, was created by COMSOL’s mesh
generator. The mesh consists of unstructured triangular mesh along with
quadrilateral elements (for boundary layer mesh) because of fluid flow. Due
to the exponent in the electrode reactions’s boundary condition, an extra
mesh refinement in the edges of electrodes is needed. Although, this increases
the number of mesh elements. Also, when the number of mesh’s boundary
layers on boundaries is increased, it leads to worst average element quality.
Furthermore, increasing the total number of elements leads to an increase of
computational time.
As a result of the above comments, the properties of the mesh are shown
in Table 4.3. In most of the examined cases, mesh properties were kept the
same. Nevertheless, in sections 4.3 and 4.7 these properties were reduced to
a more coarse mesh.
1Turbulence Length Scale = 0.07·(Characteristic Length) [Comsol, User’s Guide 2012]
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Table 4.3: Mesh properties for the examined cases.
Mesh Properties
Calibrate for Fluid Dynamics, Finer
Boundaries Extra Fine
Domain Finer
Corner Refinement 0.25
Number of Boundary Layers 2
4.1 Geometry I
Figure 4.1 depicts a very simple configuration of four, in total, feeder
electrodes and two bipolar electrodes. Applying the mesh properties, as
Figure 4.1: Geometry I with four feeder electrodes (anode on the left and cathode on the
right) and two bipolar electrodes (in the middle). Blue axis denotes symmetry plane
described in Table 4.3, the resulting mesh for this geometry, consists of 69868
elements with average element quality 0.914. In Figure 4.2 it is apparent that
the potential of feeder electrodes is given as a Dirichlet Boundary Condition
(Figure 4.2a) while for the bipolar electrode the potential is calculated, as
can be seen by the presence of a mesh within it (Figure 4.2b).
(a) Anode feeder electrode (b) Bipolar electrode
Figure 4.2: Unstructured triangular mesh with boundary layer quadrilateral elements.
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The flow is considered laminar with inlet velocity 0.05 m/s. The Lam-
inar Flow module solved 110490 degrees of freedom. The distribution of
the velocity magnitude can be seen in Figure 4.3. The coupling between
Figure 4.3: Velocity magnitude distribution of Geometry I.
Secondary Current Distribution module and Transport of Diluted Species
modules solved 221781 degrees of freedom (plus 12732 internal DOFs).
Applying 10 V in feeder electrodes, with electrode reactions those de-
scribed in the beginning of this chapter, the electrolyte potential distribution
and the contour of the y-component of the electrolyte current density vec-
tor are shown in Figure 4.4. The potential of the bipolar electrode has a
homogeneous distribution of 5.07 V.
(a)
(b)
Figure 4.4: Applied potential 10 V in Geometry I: a) Electrolyte potential distribution
and b) Electrolyte current density vector, y-component.
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As can be seen in Figure 4.4b, the bipolar electrode behaves as an
insulator due to the absence of y-component electrolyte current density vec-
tor connected on the horizontal edges. Moreover, the local current density
produced on the bipolar electrode was very small as a result of the low over-
potentials (Figure 4.5).
(a)
(b)
Figure 4.5: Applied potential 10 V in Geometry I on the upper horizontal side of bipolar
electrode: a) Local current density of the reactions producing Cl2, O2 and H2 also the
normal vector of electrolyte current density is plotted and b)Overpotential of the afore-
mentioned reactions.
Since the voltage of 10 V was not sufficient to make the conductive
body behaving as a bipolar electrode, it was raised to 30 V. In this case, as
can be seen in Figure 4.6, the conductive body behaves as desired (cathode
on the left side and anode on the right side).
The local current density on the bipolar electrode has high values be-
cause of the high overpotential (Figure 4.7)
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Figure 4.6: Electrolyte current density vector, y-component of Geometry I for applied
potential 30 V.
(a)
(b)
Figure 4.7: Applied potential 30 V in Geometry I on the upper horizontal side of bipolar
electrode: a) Local current density of the reactions producing Cl2, O2 and H2 also the
normal vector of electrolyte current density is plotted and b)Overpotential of the afore-
mentioned reactions.
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4.2 Geometry II
In section 4.1 changing the applied voltage of the feeder electrodes
resulted in a vast difference in the behavior of the system. In this section,
all operating conditions are kept the same (as in geometry I) with 10 V
applied voltage but the horizontal distance of the electrodes will be changed.
Geometry II depicts a reactor with four, in total, feeder electrodes and two
bipolar electrodes but in a closer distance (Figure 4.9).
Figure 4.8: Geometry II with four feeder electrodes (anode on the left and cathode on
the right) and two bipolar electrodes (in the middle). Blue axis denotes symmetry plane
Applying the mesh properties, as described in the beginning of the
current chapter (Table 4.3), the resulting mesh, for this geometry, consists
of 39201 elements with average element quality 0.914.
The flow is considered laminar with inlet velocity 0.05 m/s. The Lami-
nar module solved 62175 degrees of freedom. The distribution of the velocity
magnitude is presented in Figure 4.9.
Figure 4.9: Velocity magnitude distribution of Geometry II.
The coupling between Secondary Current Distribution module and Trans-
port of Diluted Species modules solved 125147 degrees of freedom (plus 8574
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internal DOFs). The resulting electrolyte potential distribution and the con-
tour of the y-component of the electrolyte current density vector are shown
in Figure 4.10. The potential of the bipolar electrode has a homogeneous
distribution of 5.07 V.
(a)
(b)
Figure 4.10: Applied potential 10 V in Geometry II: a) Electrolyte potential distribution
and b) Electrolyte current density vector, y-component.
As can be seen in Figure 4.10b, the conductive body not only behaves
as expected (bipolar electrode) but a bigger fraction of the surface is active,
thus producing current. This observation can be confirmed by plotting the
local current density of all electrode reactions on the upper side of the bipolar
electrode in Figure 4.11 where overpotentials give high values not only on
the edges but in the inner parts as well.
Finally, the configuration of the electrodes in Geometry II, provokes an
increase of the produced chlorine in the outlet of the reactor compared to
Geometry I (Figure 4.12).
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(a)
(b)
Figure 4.11: Applied potential 10 V in Geometry II on the upper horizontal side of
bipolar electrode: a) Local current density of the reactions producing Cl2, O2 and H2
also the normal vector of electrolyte current density is plotted and b)Overpotential of the
aforementioned reactions.
Figure 4.12: Chlorine Cl2 concentration (mol/m3) in the outlet of the reactor of Geom-
etry I and Geometry II
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4.3 Geometry III
In section 4.2 the change in geometry produced high currents on the
bipolar electrodes. In this section the configuration of the electrodes will
be further changed to resemble the configuration of the reactor (Figure 1.1).
Figure 4.13 depicts geometry III with four, in total, feeder electrodes and
two bipolar electrodes.
Figure 4.13: Geometry III with four feeder electrodes (anode on the left and cathode on
the right) and two bipolar electrodes (in the middle). Blue axis denotes symmetry plane
Due to convergence difficulties of this geometry, different mesh proper-
ties, have been chosen (Table 4.4). The resulting coarser mesh of the geom-
etry III consists of 7071 elements with average element quality 0.8482. The
Table 4.4: Mesh properties for the examined case.
Mesh Properties
Calibrate for Fluid Dynamics, Normal
Boundaries Fine
Domain Coarse
Corner Refinement 0.25
Number of Boundary Layers 2
flow is considered laminar with inlet velocity 0.05 m/s. The Laminar Flow
module solved 12120 degrees of freedom. The distribution of the velocity
magnitude is shown in Figure 4.14.
The coupling between Secondary Current Distribution module and Trans-
port of Diluted Species modules solved 24446 degrees of freedom (plus 3405
internal DOFs). The resulting electrolyte potential distribution and the con-
tour of the y-component of the electrolyte current density vector are shown in
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Figure 4.14: Velocity magnitude distribution of Geometry III.
Figure 4.15. Also, the potential of the bipolar electrode has a homogeneous
distribution of 5 V.
(a)
(b)
Figure 4.15: Applied 10 V in Geometry III: a) Electrolyte potential distribution and b)
Electrolyte current density vector, y-component.
The contour lines of the y-component of the electrolyte current density,
in Figure 4.15b, are present throughout the bipolar electrode. This observa-
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tion is confirmed by plotting the local current distribution on the conductive
body (Figure 4.16a).
(a)
(b)
Figure 4.16: Applied 10 V in Geometry III on the upper horizontal side of bipolar elec-
trode: a) Local current density of the reactions producing Cl2, O2 and H2 also the normal
vector of electrolyte current density is plotted and b)Overpotential of the aforementioned
reactions.
Finally, the configuration of the electrodes in Geometry III, provokes
an increase of the produced chlorine in the outlet of the reactor compared to
Geometry I and Geometry II (Figure 4.17).
Figure 4.17: Chlorine Cl2 concentration (mol/m3) in the outlet of the reactor of Geom-
etry I, Geometry II and Geometry III
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4.4 Geometry I with Secondary and Tertiary
Models
In this section a comparison between two mathematical models will
be made via COMSOL’s modules. On the one hand there is the Secondary
Current Distribution coupled with Transport of Diluted species module and
on the other hand the Tertiary Current Distribution module. The comparison
will be implemented in the Geometry I applying 10 V, using laminar flow
of inlet velocity 0.05 m/s. Under these operating conditions the Secondary
Current Distribution module was presented in section 4.1. The choice of
10 V applied voltage, where the conductive body didn’t behave as bipolar,
was made in order to test if the Tertiary model will reveal or not the same
behavior.
Applying the mesh properties, as described in the beginning of the
current chapter, the resulting mesh is identical to those of section 4.1 (69868
total elements with average element quality 0.914). There is a big difference
in the number of degrees of freedom solved for the two models. Tertiary
model needed 727151 degrees of freedom (plus 20940 internal DOFs) while
Secondary coupled with Transport needed 221781 DOFs (plus 12732 internal
DOFs).
The Laminar Flow module is been solved independently so that the
velocity distribution is identical to this of section 4.1. Solving the Tertiary
module, the electrolyte potential distribution is obtained which is identical
to that of the Secondary module, as can be seen in Figure 4.18. Also, the
bipolar potential is of the same value (5.07 V) between the two models.
The produced currents on the upper side of the electrodes (both feeders
and bipolar) were almost identical between the two models (Figure 4.19).
The fact that the currents on the electrode’s faces were almost identi-
cal, can be explained by the fact that the electrolyte and bipolar potentials
were also identical. Moreover, the concentrations of chlorine (Cl2), hydrogen
ion (H+), chloride ion (Cl-) and hydroxide (OH-), which affect electrode’s
reactions are also similar between the two models. Only, concentrations of
chlorine (Cl2) and chloride ion (Cl
-) on the upper side of anode present a
small difference as, can be seen in Figure 4.20.
Nevertheless, in the homogeneous phase (electrolyte) there was a sig-
nificant deviation of concentration values of the produced species Cl2, OH
-
and H+, between the two models. Figure 4.21 shows this difference along
the reactor (at height of 0.006 m). This fact was expected since the elec-
troneutrality condition has been taken into account in the Tertiary model.
The deviation from electroneutrality condition of the Secondary model can
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(a)
(b)
Figure 4.18: Applied 10 V in Geometry III with Tertiary model: a) Electrolyte potential
distribution in Tertiary model and b) Electrolyte potential along the reactor (at height of
0.006 m) for both Secondary and Tertiary models.
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(a)
(b)
(c)
Figure 4.19: Comparison of calculated normal electrolyte current density on the upper
side of electrodes between Secondary and Tertiary models for applied 10V in Geometry I:
a) Anode feeder electrode, b) Bipolar electrode and c) Cathode feeder electrode.
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(a)
(b)
Figure 4.20: Applied 10 V in Geometry I, anode’s concentrations of a) Chlorine (Cl2)
and b) Chloride ion (Cl-) are depicted between both Secondary and Tertiary model.
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Figure 4.21: Comparison of the concentration distribution, of the produced species Cl2,
OH- and H+, along the reactor (at height of 0.006 m) between the two models.
be seen in Figure 4.22. There is only a region, in the vicinity of cathode,
that the deviation can be considered significant but it is of order 10−3. It is
worth mentioning that this behavior is expected since the electroneutrality
condition was forced for the inlet concentrations from the Secondary model.
Figure 4.22: Deviation from electroneutrality condition of the Secondary model.
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The Tertiary model calculates the electrolyte conductivity while the
Secondary model assumes a constant value. Plotting the percentage error
below 1% of the calculated Tertiary’s electrolyte conductivity over the con-
stant value of the Secondary model reveals regions, in the vicinity of the
anode and the cathode (Figure 4.23). In the vicinity of the bipolar electrode,
the calculated electrolyte conductivity by the Tertiary maintained constant
value because under these operating conditions it behaves as an insulator
producing no significant current values.
(a)
(b)
Figure 4.23: Percentage error below 1% of the calculated Tertiary’s electrolyte conduc-
tivity over the constant value of the Secondary model in the vicinity of a) anode and b)
cathode.
Even though the Secondary model, for the calculation of electrolyte
current density, takes into account only the electrophoretic / migration term
and assumes constant value for the electrolyte conductivity, it can predict
reasonable results compared to a more complete model as that of Tertiary
model (Figure 4.24).
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Figure 4.24: Comparison of Norm Electrolyte current density, along the reactor (at
height of 0.006 m), between the two models.
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4.5 Geometry I with Laminar and Turbulent
Flow
In this section, we take into account the case with 30 V applied volt-
age as in section 4.1 and change laminar to turbulent flow (inlet velocity
1.5 m/s). Applying the mesh properties, as described in Table 4.3, the re-
sulting mesh is identical to that of section 4.1 (69868 total elements with
average element quality 0.914). The Laminar Flow module solves for 110490
degrees of freedom while Turbulent Flow module for 184150 DOFs.
The velocity magnitude distribution of the turbulent module is depicted
in Figure 4.25
Figure 4.25: Velocity magnitude distribution of Turbulent module.
Due to the fact that the current case, with turbulent flow, is solved
with the Secondary Current Distribution coupled with Transport of Diluted
Species module, changes of variables will be made only where the velocity is
present in the definition equations. The electrolyte potential distribution, in
the Secondary model, is calculated via equation 3.36 where the convection
term is not taken into consideration. Thus, the electrolyte potential and the
norm electrolyte current density will be almost the same, independently of
whether the flow is laminar or turbulent.
The above remark is confirmed in Figure 4.26. Also, the potential at
the bipolar electrode is 15 V in both laminar (second case examined in section
4.1) and turbulent cases.
On the other hand, the velocity vector is present in the Nernst-Planck’s
flux of the species. So, due to the convective term of Nernst-Planck equa-
tion there will be differences in the concentration profile between the cases of
laminar and turbulent flow. This is depicted in Figure 4.27 for the concen-
trations of produced species along the reactor (along the cut-line at height
of 0.006 m).
Furthermore, there will be changes in concentration values of the species
on the sides of the electrodes. In Figure 4.28, the concentrations of the
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(a)
(b)
Figure 4.26: Applied voltage 30 V in Geometry I, comparison of: a) Electrolyte potential
distribution and b) Norm electrolyte current density between cases with laminar (inlet
velocity 0.05m/s) and turbulent flow (inlet velocity 1.5 m/s).
Figure 4.27: Concentration distribution, of the produced species Cl2, OH- and H+, along
the reactor (at height of 0.006 m) between the cases of laminar (inlet velocity 0.05 m/s)
and turbulent flow (inlet velocity 1.5 m/s).
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produced species (chlorine Cl2 and hydrogen ion H
+) are shown on the anode
and the bipolar electrode for the laminar and turbulent cases.
(a) (b)
(c) (d)
Figure 4.28: Concentrations of the produced Chlorine Cl2 and Hydrogen ion H+ are
shown on a), b) Anode feeder electrode and c), d) Bipolar electrode for the laminar (inlet
velocity 0.05 m/s) and turbulent flow (inlet velocity 1.5 m/s).
As a result of the changes in concentrations of chlorine Cl2 and hydro-
gen ion H+ (on anode and bipolar electrode), which affect the value of the
produced current densities, changes in current density values of the reactions
producing chlorine Cl2 and hydrogen ion H
+ will occur. This can be seen in
Figure 4.29.
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(a)
(b)
(c)
Figure 4.29: Comparison of normal electrolyte current density between Laminar and
Turbulent flow on the upper side of a) Anode feeder electrode, b) Bipolar electrode and c)
Cathode feeder electrode.
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4.6 Geometry I with Reaction Rates in Ho-
mogeneous Phase
In this section, the effect of the reaction rates in the homogeneous phase
(electrolyte) will be examined. The case of turbulent flow of section 4.5 will
be considered as starting point where reaction rates the in homogeneous
phase (electrolyte) will be introduced. In order to implement the reaction
rates, two more variables will be added, the concentration of hypochlorous
anion (OCl-) and hypochlorous acid (HOCl).
Applying the mesh properties, as described in the beginning of the
current chapter, the resulting mesh is identical to that of section 4.5 (69868
total elements with average element quality 0.914).
The addition of the two concentrations cause an increase of the number
of degrees of freedom. Therefore, the Secondary module solves for 93899 (plus
6808 internal DOFs) degrees of freedom to 125109 (plus 9026 internal DOFs).
The Turbulent module is solved independently so the velocity distribu-
tion is identical to that of section 4.5.
The addition of reaction rates to the mass balance (Equation 3.42)
does not affect the electrolyte potential distribution or the electrolyte current
density as can be seen in Figure 4.30. Also, in Figure 4.30 the simulation
produce overshoots that can be explained by the locally coarse mesh.
Furthermore, the normal electrolyte current density on the electrodes
does not change, as shown in Figure 4.31.
Moreover, the dissociation of water (H2O) and the dissociation of hypochlor-
ous acid (HOCl) are considered fast reactions, so in steady state we assume
that these reactions will approach the equilibrium point. This behavior can
be seen in Figure 4.32, were the forward and backward reaction rates, for
both reactions, are plotted. In Figure 4.33 the pH distribution is depicted.
Finally, the hydrolysis of chlorine (Cl2) produces hypochlorous acid
(HOCl) which is dissociated to hypochlorous anion (OCl-). Thus, almost all
chlorine is converted to hypochlorous acid and hypochlorous anion as shown
in Figure 4.34 and 4.35.
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(a)
(b)
Figure 4.30: Comparison of a) Electrolyte potential and b) Norm electrolyte current den-
sity between the case without and with reaction rates in homogeneous phase (electrolyte).
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(a)
(b)
(c)
Figure 4.31: Comparison of normal electrolyte current density between the cases without
and with reaction rates in homogeneous phase (electrolyte) on the upper side of a) Anode
feeder electrode, b) Bipolar electrode and c) Cathode feeder electrode.
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(a)
(b)
Figure 4.32: Forward and backward rates of the a) Dissociation of water (H2O) and b)
Dissociation of hypochlorous acid (HOCl).
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Figure 4.33: Distribution of pH inside the reactor with Geometry I under implementation
of reaction rates in the homogeneous phase of electrolyte.
Figure 4.34: Concentration of chlorine (Cl2), hypochlorous acid (HOCl) and hypochlor-
ous anion (OCl-) along the reactor (at height of 0.006 m).
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Figure 4.35: Concentration of chlorine (Cl2), hypochlorous acid (HOCl) and hypochlor-
ous anion (OCl-) at the outlet of the reactor.
4.7 Complete Reactor
In this section a complete reactor with 2 anode electrodes, 3 cathode
electrodes and 5 bipolar electrodes will be examined (Figure 4.36). For con-
venience, the bipolar electrode located on the top will be referred as first
bipolar, the bipolar electrode which is located in the middle will be refereed
as second and the bipolar on the bottom will be referred as third.
Figure 4.36: Reactor with 2 anode feeder electrodes, 3 cathode feeder electrodes and 5
bipolar electrodes. Blue axis denotes symmetry plane.
Applying mesh properties, described in Table 4.3, to this geometry leads
to a computationally demanding case. Therefore, different mesh properties,
have been chosen (Table 4.5). The resulting coarser mesh of the complete
reactor consists of 159293 elements with average element quality 0.808. The
Turbulent Flow, k −  module solved for 454320 degrees of freedom. The
inlet velocity is 1.5 m/s, so turbulent flow is considered (Figure4.37).
Even though different mechanistic scenarios predict apparent transfer
61
CHAPTER 4. COMPUTATIONAL APPROACH
Table 4.5: Mesh properties for the complete reactor.
Mesh Properties
Calibrate for Fluid Dynamics, Fine
Boundaries Extra Fine
Domain Finer
Corner Refinement 0.25
Number of Boundary Layers 5
Figure 4.37: Velocity magnitude distribution of the complete reactor.
coefficients (or apparent symmetry factors) of value 1.5 and 0.5 (Equations
2.46 and 2.49), different coefficients has been observed experimentally. For
the sake of completeness, an arbitrarily apparent transfer coefficient with
value 1 is used,
i = i0e
F
RT
(E−Eeq) (4.2)
The coupling between Secondary Current Distribution module and Transport
of Diluted Species module solved 552465 for degrees of freedom (plus 39152
internal DOFs). The applied voltage of the feeder electrodes is 30 V, thus
implementing the Secondary Current Distribution module, the electrolytic
potential distribution and the y-component electrolyte current density vector
inside reactor are obtained (Figure 4.38).
As mentioned in section 4.3, the configuration of electrodes in geome-
try III resembles the configuration of electrodes inside the complete reactor.
Thus, curves of local current density on bipolar electrodes are expected to be
the same as those of geometry III. In Figure 4.39 the local current density of
reactions producing Cl2, O2 and H2 as well as the normal electrolyte current
density are depicted, confirming the above remark.
Nevertheless, not all bipolar electrodes have the same behavior, as
shown in Figure 4.42a. The first bipolar electrode is located above the an-
ode electrode and above the second bipolar electrode, so on the lower side
the local current density of the electrode reaction will be of similar form as
in Figure 4.42a. Although, the upper side will have a different behavior as
depicted in Figure 4.40a.
62
CHAPTER 4. COMPUTATIONAL APPROACH
(a)
(b)
Figure 4.38: Applied voltage 30 V in a full reactor with turbulent flow : a) Electrolyte
potential distribution and b)Electrolyte current density vector, y-component.
Moreover, under these operating conditions, Cl2 evolution is the domi-
nant reaction on the anode. The production of O2 is much lower on all anodic
parts of electrodes. Also, with this configuration, high chlorine concentration
is produced. This, can be be seen in the outlet of the reactor (Figure 4.41).
Finally, in all cases of previous sections, the current produced by the
Oxygen Evolution Reaction was of the form of Equation 2.49 with apparent
transfer coefficient 0.5 resulting the chlorine evolution as the dominant reac-
tion. In this section, the OER rate has been increased (lower Tafel) having
transfer coefficient 1 but still chlorine evolution reaction is considered domi-
nant. Thus, a question arises as to which reaction is dominant in the case of
an even higher OER rate. Hence, assuming OER rate of the form of equa-
tion 2.46 (with apparent transfer coefficient 1.5) and focusing on the upper
side of the third bipolar electrode, the local current density of the electrode
reactions is plotted in Figure 4.42. This figure clearly shows that OER is the
dominant reaction.
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(a)
(b)
Figure 4.39: Applied voltage 30 V in a complete reactor with turbulent flow on the upper
horizontal side of the first bipolar electrode: a) Local current density of the reactions
producing Cl2, O2 and H2 also the normal vector of electrolyte current density is plotted.
and b)Overpotential of the aforementioned reactions.
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(a)
(b)
Figure 4.40: Applied voltage 30 V in a complete reactor with turbulent flow, local current
density of the reactions producing Cl2, O2 and H2 also the normal vector of electrolyte
current density is plotted on a) the upper horizontal side of the third bipolar electrode and
b) the lower horizontal side of the third bipolar electrode.
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Figure 4.41: Chlorine (Cl2) concentration distribution at the outlet of the full reactor.
(a)
(b)
Figure 4.42: Applied potential 30 V and OER with 1.5 apparent transfer coefficient in a
complete reactor with turbulent flow on the upper horizontal side of the third bipolar elec-
trode: a) Local current density of the reactions producing Cl2, O2 and H2 (also the normal
vector of electrolyte current density is plotted) and b) Overpotential of the aforementioned
reactions.
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Conclusions
The conclusions of the present work are summarized as follows:
• A realistic modeling of an electrochemical reactor of great technologi-
cal importance has been achieved, based on the minimum assumptions.
The COMSOL Multiphysics Software is appropriate for the modeling of
complex electrochemical problems consisting of multiple electrochemi-
cal reactions, hydrodynamic flow, homogeneous chemical reactions and
non trivial geometries.
• The optimum functioning of the bipolar electrodes is determined by the
operational conditions and most importantly by the geometric charac-
teristics of the reactor. An optimum geometry exists for which the
chlorine production is maximized.
• The efficiency of chlorine production is crucially affected by the kinetics
of the electrochemical reactions. More specifically, there is a competi-
tion between the production of oxygen and the production of chlorine.
Nevertheless, for this specific application an adequate amount of chlo-
rine is produced, under the operational conditions examined in this
work.
• Since the competition between the OER and ClER is crucial, appro-
priate electrode materials capable of enhancing the kinetics of chlorine
evolution and impede the oxygen evolution will promote the efficiency
of the reactor.
• The comparison between Secondary and Tertiary Current Distribution
models revealed that the differences of the results are not significant.
Nevertheless, the Tertiary Current Distribution modeling is based on
fewer assumptions thus the overall description is more realistic.
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• Taking into account the reactions in the homogeneous phase results
in a computationally demanding problem. On the other hand, the
results are not affected significantly by the homogeneous chemical re-
actions. Thus satisfactory results can be obtained even if the homoge-
neous chemical reactions are ignored.
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Multiple steps reaction rate
Let us consider a reaction of the form,
A
kf

kb
P
(A.1)
Let us assume that the above reaction occurs through three consecutive steps:
A
k1

k−1
X1
(A.2)
X1
k2

k−2
X2
(A.3)
X2
k3

k−3
P
(A.4)
Under steady state conditions and for stoichiometric numbers vi = 1, the
rate, v, of the overall reaction will be,
v = v1 = v2 = v3
(A.5)
where vi are the rate of the corresponding step,
v1 = k1CA − k−1CX1 (A.6)
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v2 = k2CX1 − k−2CX2 (A.7)
v3 = k3CX2 − k−3CP (A.8)
Since v1 = v2 under steady state conditions, we obtain from Eq. A.6 and
A.7,
k1CA − k−1CX1 = k2CX1 − k−2CX2 (A.9)
thus, the concentration of X1 can be written,
CX1 =
k1
k2 + k−1
CA +
k−2
k2 + k−1
CX2
(A.10)
Substituting Eq. 2.10 into Eq. A.6, a new expression for v1 is obtained.
v1 = k¯1CA − k¯−1CX2 (A.11)
where,
k¯1 =
k1k2
k2 + k−1
k¯−1 =
k−1k−2
k2 + k−1
(A.12)
Now, since v1 = v3, from Eqs. (A.8) and (A.11) we obtain,
CX2 =
k¯1
k3 + k¯−1
CA +
k¯−3
k3 + k¯−1
CP
(A.13)
The overall rate can be obtained be substituting Eq. A.13 in Eq. A.8, by
taking into account that v = v3.
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v =
k3k¯1
k3 + k¯−1
CA +
k−3k¯−1
k3 + k¯−1
CP
(A.14)
But, the overall rate v is the algebraic sum of the forward and backward
overall rates, i.e., v = vf − vb. Thus, from Eq. A.14, we can identify the
overall forward rate,
vf =
k3k¯1
k3 + k¯−1
CA
(A.15)
and the overall backward rate,
vb =
k−3k¯−1
k3 + k¯−1
CP
(A.16)
Equation can be written,
1
vf
=
1
k1cA
+
k−1
k1k2CA
+
k−1k−2
k1k2k3Ca (A.17)
which is similar to Eq. 2.43 of Chapter 2. Finally, Equation A.16 can be
written,
1
vb
=
1
k3CP
+
k3
k−3k−2CP
+
k3k2
k−3k−2k−1CP (A.18)
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